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Binding conditions for nonlinear ultrasonic generation unifying wave propagation and vibration
Hyung Jin Lim, Hoon Sohn, a) and Peipei Liu This study provides a physical insight into binding conditions (BCs) for nonlinear ultrasonic generation considering both propagating waves and stationary vibrations. First, the BCs are theoretically formulated for both propagating waves and stationary vibrations. Then, the BCs are experimentally validated with a special focus on nonlinear modulation. Finally, the advantages and disadvantages for using propagating waves or stationary vibrations are discussed. Nonlinear ultrasonic techniques, which look for nonlinear characteristics of ultrasonic waves or vibrations, have gained prominence in nondestructive testing (NDT) due to their higher sensitivity to defects than conventional linear techniques. [1] [2] [3] [4] When ultrasonic input(s) is applied to a media with a nonlinear mechanism such as a fatigue crack, nonlinear components including harmonics and modulations are generated from the nonlinear region. [5] [6] [7] A body of research has gone into the investigation of the binding conditions (BCs) for nonlinear ultrasonic generation. [8] [9] [10] [11] However, these studies have investigated the BCs either for propagation waves or stationary vibrations alone. There is no prior study which theoretically and experimentally explores the BCs explicitly considering both propagating waves and stationary vibrations. Furthermore, the existing studies focus on the BCs for harmonic generation. This Letter provides: (1) A physical insight into the BCs for nonlinear ultrasonic generation unifying propagating waves and stationary vibrations; (2) experimental validation of the unified BCs especially focusing on nonlinear modulation produced by a fatigue crack; and (3) a comparison study between wave and vibration based nonlinear modulation generations.
When two waves a and b at distinctive frequencies x a and x b (x a < x b ) propagate from z ¼ 0 through a nonlinear region in a stress-free plate of thickness 2h (Àh y hÞ and length l (0 z lÞ, the solution for the total particle displacement, u T , can be approximated as the summation of the linear response, u ð1Þ , harmonics, u ð2Þ , and modulations u ð3Þ :
where
and
; (4) where c:c: stands for complex conjugate, u a and u 2a are the amplitudes of the linear response at x a and the nonlinear harmonics at 2x a , respectively. u b and u 2b are defined similarly. u b6a ¼ u bþa þ u bÀa is the amplitude of the modulation at x b 6x a due to the mutual interaction of the linear components. j a and j b are the wavenumbers corresponding to waves a and b. For simplicity, the higher order harmonic and modulation components are omitted, and the invariance of the displacement in the x-direction is assumed. Following Auld, 13 the solution for modulation is obtained as a linear combination of the modes at
where v ð3Þ ¼ @u ð3Þ =@t, v m is the particle velocity of the mth mode at x b 6x a , and A m þ z ð Þ is the modal amplitude of the propagating wave.
A m þ z ð Þcan be obtained by solving the following ordinary differential equation excluding the complex conjugate:
where j Ã n is the wavenumber of the nth mode. P mn is the complex power flux (or Poynting vector) between the mth and nth modes at x b 6x a . This term represents the average energy flow in the z-direction per unit waveguide width (x-direction). For a propagating wave, the complex power flux exists only when m equals to n because mode n is orthogonal to all the other modes except itself, i.e., P nn . f and surface of the structure, respectively. The solution of Eq. (6) becomes
Equations (7) and (8) describe the well-established BCs that must be satisfied for the creation of the modulated waves due to nonlinearity: (1) Synchronism, j Ã n ¼ j b 6j a and (2) non-zero power flux, f vol n þ f surf n 6 ¼ 0. Here, the amplitude grows linearly as the propagation distance, z, increases. Note that the same conditions are valid for harmonics when x a ¼ x b and j a ¼ j b . 8 Similarly, the solution of Eq. (5) for the backward propagation wave from z ¼ l can be written as
The concept of standing waves bridges the gap between waves and vibrations.
14 When two waves propagating in the opposite directions are superimposed due to reflections at boundaries, the waves create standing waves, eventually converging to vibration modes
where A n z ð Þ is the amplitude of the nth vibration mode
Note that the modal amplitude, Þis the corresponding vibrational mode shape of the structure. This additional BC is consistent with the experimental finding by Yoder and Adams, which states, when the modulated frequency coincides with one of the resonance frequencies of the structure, the modulation amplitude is magnified. 11 Finally, the unified BCs for nonlinear modulation generation can be summarized as (Again, the same BCs can be applied to harmonics when x a ¼ x b and j a ¼ j b ):
(1) Synchronism condition: From the wave propagation point of view, the phase velocities at x a and x b should be identical to the modulation phase velocity at x a 6x b . From the view point of vibration, the same BC can be viewed as spatial resonance matching. That is, the point-wise multiplication of the linear mode shapes at x a and x b becomes the vibrational mode shape of the modulation component at
(2) Non-zero power flux condition: As for propagation waves, the mode shapes of two linear waves should be matched with the mode shape of the modulation wave in the thickness direction of the structure so that the energy from the linear waves can be readily transmitted to the modulation wave. As for vibrations, the mode shape should also be matched in the longitudinal direction in addition to the thickness direction. (3) Nonlinear resonance condition: In the case of vibration, the amplitude of the modulated vibration mode is further amplified when the modulation frequency coincides with one of the resonance frequencies of the structure. Note that this condition only applies to vibration. (4) Simultaneous arrival condition: If two propagating waves are generated from two different excitation points or from a single excitation point but with a time delay, the nonlinear modulation occurs only when two propagating waves arrive at the nonlinear source simultaneously. This simultaneous arrival condition is reduced to the previous synchronism condition when two propagation waves are simultaneously generated from a single excitation point with an identical group velocity. This conditions is only applicable to wave propagation.
An aluminum (6061-T6) plate specimen was fabricated as shown in Fig. 1(a) . A fatigue crack was introduced to the specimen by applying 80 000 cycles of 4-40 kN (R ¼ 0.1) tensile loading with a 10 Hz cycle rate using a universal testing machine (INSTRON 8801). The fatigue crack initiated from the hole at the center of the specimen and grew up to 25 mm long and 15 lm wide as shown in Fig. 1(b) .
Five identical piezo lead zirconate titanate (PZT) transducers (1 ¼ 10 mm, t ¼ 0.5 mm) manufactured by Haiying Group were installed on the specimen. A pair of PZTs labeled as ACT 1-1 and 1-2 was collocated but placed on the opposite sides of the plate for low frequency (LF, x a ) generation of selective S and A modes. 15 Similarly, a pair of ACT 2-1 and 2-2 was installed for high frequency (HF, x b ) excitation. The response was measured at SEN. A NI PXI system consisting of two arbitrary waveform generators and a high speed digitizer was used for data acquisition. 6 LF and HF inputs had peak-to-peak voltages of 40 V and 20 V, respectively. The inputs were converted to analog signals with a 5 MHz conversion rate, and the responses were measured simultaneously at a 5 MHz sampling rate with 10 times averaging.
For vibration generation, two sine signals with 100 ms duration were applied to ensure steady-state vibration responses. For wave generation, tone-burst signals with 2 ms and 1 ms durations were applied as LF and HF inputs, respectively. The durations of LF and HF tone-burst inputs were determined so that the reflections from the boundaries did not overlap with the first arrival wave packet. The duration of LF input was longer than that of HF input to make it easier to overlap the two propagating waves at the target point. The measured responses were analyzed in the frequency domain by applying a fast Fourier transform (FFT) for vibration and a short time Fourier transform (STFT) for wave propagation up to the first arrival wave packet.
Before the validation of the BCs for nonlinear modulation generation, dispersion curves for phase velocities were experimentally obtained from the specimen for proper selection of LF and HF input frequencies. In Fig. 2 , for S mode, the synchronism condition is matched when LF and HF inputs and modulation frequencies are selected at 33 kHz, 217 kHz and 217633 kHz, respectively. On the other hand, the synchronism condition is not satisfied when HF input is shifted to 504 kHz. Furthermore, the LF and HF inputs were aligned with the resonance frequencies of the specimen. As shown in Figs. 3 and 4 , the modulation is generated at 184 kHz and 250 kHz only when the synchronism condition is matched for both wave and vibration cases.
As for the non-zero power flux condition, nonlinear harmonics exist only for S mode harmonics, but not for A mode even harmonics (2x, 4x,…). 9 Similarly, the first modulation component (x b 6x a ) will not be generated when both LF and HF inputs are A modes. In Fig. 5 , A modes at 30 kHz and 492 kHz are excited, and no modulation is observed even when the synchronism condition is matched. In Fig. 6 , modulation appears when at least one of the LF and HF inputs are S mode.
Next, the nonlinear resonance condition is investigated. First, the frequency of the S mode HF input is fixed at 200 kHz and another S mode LF input is swept from 30 to 40 kHz with 1 kHz increment. Fig. 7 shows the modulation amplitude at varying x b 6x a along with the FRF of the structure at the corresponding frequencies. A clear correlation between the amplitude of the modulation component and the resonance peak is observed, validating the nonlinear resonance condition. Furthermore, Figs. 3 and 6 show that the amplitudes of two modulation components at x b 6x a are identical for the wave case, but they are not for the vibration case due to this nonlinear resonance condition.
To validate the simultaneous arrival condition, the arrival times of LF wave (S mode at 33 kHz) and HF wave (S mode at 200 kHz) at the fatigue crack are controlled. Fig. 8 demonstrates that the modulation component is generated only when the two input waves concurrently arrive at the fatigue crack location.
The advantages and disadvantages for wave and vibration based nonlinear modulation techniques for fatigue crack detection can be summarized as follows. Using wave propagation, the effect of boundary conditions can be minimized. But, it is difficult to ensure that both LF and HF inputs simultaneously arrive at the unknown crack location (Fig. 8) . Using vibration excitation, larger energy can be exerted into a target structure, and it is easier to match the BCs. However, it is also more sensitive to boundary conditions than wave propagation. 
